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Abstract Ban (Int. J. Theor. Phys. 46:184, 2007) has shown how retrodictive open systems
evolution may be treated as unitary using non-equilibrium thermo field dynamics. Here we
describe the application of another technique with the same purpose, Fano diagonalisation.
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1 Introduction

Retrodictive quantum theory, in which the state of the system is assigned on the basis of
the measured state, has a long history [1–4, 26, 29]. The recent upsurge in interest in the
topic resulted from the relation of the predictive and retrodictive states by Bayes’ theorem
[12, 24, 25]. The main use of retrodictive quantum theory is to simply retrodict the prepared
state given the result of a measurement, and thus it is especially useful in quantum com-
munication schemes [15], and also in the calculation of measurement operators in coupled
systems [22, 28].

In closed systems the time evolution of the system between preparation and measurement
is easy to account for both forwards and backwards in time via the unitary time translation
operator. Either the prepared state ρ̂p evolves forward in time according to

ρ̂p(tm) = Û (tm − tp)ρ̂
p(tp)Û

†(tm − tp), (1)

or the retrodictive or measured state ρ̂r evolves backwards in time via

ρ̂r(tp) = Û †(tm − tp)ρ̂
r(tm)Û(tm − tp), (2)
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where tp, tm are the preparation and measurement times. ρ̂r is related to the probability
operator π̂l associated with the measurement result l via [17]

ρ̂r(tm) = π̂l/Tr π̂l . (3)

Calculated probabilities and expectation values are unaffected by the choice of predictive or
retrodictive description of the system.

In open systems, however, the evolution forwards in time is normally described by a
master equation which must be of Lindblad form

˙̂ρ = i

�
[ρ̂, Ĥ ] +

∑

i

(2Âi ρ̂Â
†
i − Â

†
i Âi ρ̂ − ρ̂Â

†
i Âi ), (4)

where Âi is a system operator. Retrodictive open systems evolution is a little more difficult
to describe. It is possible to write down a retrodictive master equation for the system [15],

˙̂ρr = i

�
[ρ̂r, Ĥ ] −

∑

i

(2Â
†
i ρ̂

rÂi − ÂiÂ
†
i ρ̂

r − ρ̂rÂiÂ
†
i ) − 2ρ̂r Tr

(
ρ̂r

∑

i

Â
†
i Âi

)
, (5)

which provides the evolution of the measured state backwards in time (dot denotes forward
time derivative), but as can be seen this equation is in general nonlinear in the retrodictive
density operator. A slightly easier technique is to follow the evolution of the probability
operator associated with the measurement, which is given by the solution to a linear master
equation [15]

˙̂π = i

�
[π̂ , Ĥ ] −

∑

i

(2Â
†
i π̂ Âi − ÂiÂ

†
i π̂ − π̂ ÂiÂ

†
i ). (6)

It is not always possible to solve master equations, either predictive or retrodictive. Even
when solutions of the predictive master equation are known it is unlikely that the corre-
sponding retrodictive equation will have a simple solution. It is sometimes possible, how-
ever, to relate the solution of a retrodictive master equation to that of a predictive one—a
technique first employed for atoms [13], and later for optical amplifiers, attenuators and
detectors [19]. Furthermore it has been shown that optical amplifiers and attenuators are
predictive/retrodictive inverses: the transformation that an attenuator makes on a measured
state backwards in time is the same as that made by an amplifier on a prepared state forwards
in time, provided that the amplifier gain is the reciprocal of the attenuator loss [14, 19]. For
such a system one never needs to solve a retrodictive master equation.

It would clearly be easier to treat open systems in a similar manner to closed systems,
with a simple Hamiltonian-type evolution. This was the topic of a recent paper by Ban [9],
which showed that it was possible to formulate retrodictive open systems evolution in the
same way as for a closed system using a technique known as non-equilibrium thermo field
dynamics [5–8]. In this method a state in the system Hilbert space is mapped onto one in
a tensor product of the system space and an auxiliary Hilbert space of the same dimension.
Expectation values, and both forward and reverse-time evolution generators can be found,
and it is this which allows the simple closed system-type treatment.

In this paper we have the same aim as Ban—to treat retrodictive open systems as if they
were closed, thus avoiding the more difficult semigroup evolution. In order to do this, how-
ever, we employ a different technique, Fano diagonalisation [11, 16], described in the next
section. In Sect. 3 we apply Fano theory to retrodictive evolution by means of an example,
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that of a leaky optical cavity, which provides a good model for a simple lossy system. The
extension to other systems which can be diagonalised by the Fano technique is straightfor-
ward. We then conclude and summarise our results.

2 Fano Diagonalisation

Fano diagonalisation [16] is a technique used to obtain the dressed states of a coupled system
[10, 11]. The technique is widely applicable and can also be employed to calculate dressed
operators [11] in lossy linear dielectrics [18], nonlinear dielectrics [27], and for atom lasers
[21]. The usefulness of the technique in prediction and, as we shall see, in retrodiction, rests
on simplicity of the evolution of the dressed operators.

We proceed by example and apply the theory to the simple system of a single mode of
the electromagnetic field coupled to a continuum of external modes. The diagonalisation is
performed elsewhere [11], but we repeat the main results here for clarity. The Hamiltonian
of the system is

Ĥ = �ω0

∞∑

n=0

n|n〉〈n| + �

∫
d��|�〉〈�| + �

∞∑

n=0

∫
d�(Wn|n〉〈�| + W ∗

n |�〉〈n|), (7)

where ω0 is the frequency of the field, |n〉 is the n-photon number state, |�〉 is a state of
energy ��, and Wn is the interaction strength. We will make the simplifying assumption
that this is independent of frequency. The generalisation to a frequency-dependent coupling
is easily accommodated [11]. The goal is to find eigenstates |ω〉 of the coupled system which
satisfy the Schrödinger equation,

Ĥ |ω〉 = �ω|ω〉. (8)

The eigenstates are written as a superposition of the eigenstates of the two systems

|ω〉 =
∑

n

αn(ω)|n〉 +
∫

d�β(ω,�)|�〉. (9)

Substitution of this into the Schrödinger equation gives the following pair of equations

nω0αn(ω) +
∫

d�Wnβ(ω,�) = ωαn(ω), (10)

∑

n

W ∗
n αn(ω) + �β(ω,�) = ωβ(ω,�). (11)

We can formally solve (11) by writing

β(ω,�) =
(

P
ω − �

+ z(ω)δ(ω − �)

)∑

n

W ∗
n αn(ω), (12)

where P stands for principal part and z is a function to be determined. This is substituted
into (10) to give

(ω − nω0)αn(ω) = z(ω)Wn

∑

m

W ∗
mαm(ω), (13)
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where the principle part integral vanishes. We can multiply this equation by (ω − nω0) and
sum over n, which results in a cancellation of summations leaving

z(ω)
∑

n

|Wn|2
ω − nω0

= 1. (14)

At this point we have an expression for β in terms of the αn and z, and an expression for z

in terms of the coupling strength. We now impose orthogonality on the diagonalised system
in order to fix the αn. From (9),

〈ω′|ω〉 = δ(ω − ω′) =
∑

n

α∗
n(ω

′)αn(ω) +
∫

d�β∗(ω′,�)β(ω,�). (15)

We substitute the expression for αn in terms of z, (13), and (11), and resolve the subsequent
product of principal parts as

P
ω − �

P
ω′ − �

= P
ω′ − ω

(
P

ω − �
− P

ω′ − �

)
+ π2δ(ω − �)δ(ω′ − �). (16)

Some simple algebra then gives

∑

n

αn(ω)W ∗
n = 1

π + iz(ω)
, (17)

where we have chosen an arbitrary phase. This expression can be inserted into (13) to give

αn(ω) = Wnz(ω)

(ω − nω0)[π + iz(ω)] . (18)

The eigenstates of the system |ω〉 have the simple exp(−iωt) time dependence. However,
we seek the evolution of the bare states |n〉. These can be written as an integral over the set
of dressed states

|n〉 =
∫

dωf (ω)|ω〉, (19)

so that 〈ω|n〉 = f (ω) = α∗
n(ω) using (9). The number states then have the simple time evo-

lution

|n〉(t) =
∫

dωα∗
n(ω) exp(−iωt)|ω〉. (20)

3 Retrodiction

Normally we think of a system being prepared in a particular state and evolving forwards in
time, and so the time is positive in (20). The equation can be used to derive the probability
that the system would be found in a particular state at some time after the preparation. For
example, if the system is prepared in the state |n〉 at the preparation time tp, the predictive
conditional probability P p(l|n) that it would be measured in the state |l〉 at the measurement
time tm is given by

P p(l|n) =
∣∣∣∣
∫

dωαl(ω)α∗
n(ω) exp[−iω(tm − tp)]

∣∣∣∣
2

. (21)
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This set of probabilities can be straightforwardly used to construct the density operator of
the system at all times after the preparation. If the system is initially prepared in a super-
position of the number states, then we simply use a superposition of two different evolved
number states. Although in this example the measurement and preparation correspond to
pure states, for the sake of generality and to facilitate later use it is useful to proceed a little
more formally, and so we write the prepared state as a density operator ρ̂n = |n〉〈n|, the evo-
lution of which is found from (20). The measurement is described by a probability operator
measure [17], π̂ = ∑

l π̂l , each of whose elements (probability operators) is in this case an
orthogonal number state projector π̂l = |l〉〈l|. Then we can write (21) in terms of the evolved
density operator and the probability operator as P p(l|n) = Tr(ρ̂n(tm)π̂l).

Equation (20) is, however, equally valid for negative times. If the system is measured
in state |l〉 we can use the equation to evolve the probability operator back in time to the
preparation

π̂l(tp) =
∫

dω

∫
dω′α∗

l (ω) exp[−iω(tp − tm)]|ω〉〈ω′| exp[iω′(tp − tm)]αl(ω
′). (22)

We can write the predictive conditional probability that measurement result l is found as

P p(l|n) = Tr(ρ̂nπ̂l(tp)) =
∣∣∣∣
∫

dωαn(ω)α∗
l (ω) exp[−iω(tp − tm)]

∣∣∣∣
2

, (23)

which is identical in form to (21), a consequence of the fact that the probabilities which
make up the diagonal elements of the forward-evolved predictive density operator must
be identical to the equivalent weights in the backward-evolved probability operator (see
Appendix in [20]).

The main advantage in using retrodictive quantum theory lies in the calculation of retrod-
ictive conditional probabilities that particular states were prepared given the results of mea-
surements. The theory is particularly useful in situations where the state preparation device
is unbiased [12], which means that each state from an orthogonal set spanning the system
space is equally likely to be “prepared”.1 The retrodictive density operator then provides
most information about the system. For example, if the measurement results correspond to
number states the retrodictive state is the appropriately normalised version of (22). If the
preparation device is unbiased and prepares number states, we can find the retrodictive con-
ditional probability that the system was prepared in the number state |n〉 by evolving the
normalised version of (22) for the appropriate length of time

P r(n|l) = 〈n|ρ̂r
l (tp)|n〉. (24)

This has a considerable advantage over using Bayes’ theorem, as we do not have to calculate
all of the predictive conditional probabilities, only the single retrodictive one that we are
interested in. As a simple example we show in Fig. 1 a plot of the retrodictive conditional
probability that the n-photon number state was prepared prior to one photon being recorded
in the cavity, as a function of evolution time, for equal prior probabilities of all photon
number states between 1 and 5. The plot shows the physically-reasonable result that if the
state was prepared a long time before measurement, and one photon was measured, that
state |n〉 is n times as likely to have been prepared as state |1〉. If one photon is recorded a

1Strictly speaking we mean by this that each state from an orthogonal set spanning the space of the system is
equally likely to be part of the prepared state, prior to one of the actual prepared states being selected [23].
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Fig. 1 Retrodictive conditional
probability that the n-photon
number state was prepared given
one photon being recorded later,
against evolution time. Here the
coupling strength W is
independent of n

very short time after preparation it is overwhelmingly-likely that the one-photon state was
prepared.

The same mathematics applies to superpositions of number states. A simple example is
the coherent state. The evolution of any superposition state |ψ〉 = ∑

n an|n〉 is simply given
by a superposition of the evolutions of the number states

|ψ〉(t) =
∑

n

∫
dωα∗

n(ω) exp(−iωt)|ω〉. (25)

Suppose that the cavity is prepared with equal prior probability in coherent states of mean
photon numbers |δ|2 = 1..4.2 The state of the cavity is later measured in the photon number
basis. Figure 2 shows the retrodictive conditional probability that each of the coherent states
was prepared given that the two-photon state was later measured. If the state is measured
immediately after preparation the probabilities reflect the 2-photon number state amplitudes
in the particular coherent states. If there is a long time between preparation and measure-
ment there is a large disparity between the probabilities that different coherent states were
prepared. This reflects the fact that coherent states of a higher amplitude are superpositions
whose high photon number state amplitudes are proportionately much larger. Detecting two
photons after a long time means that it is very likely that the cavity contained a high number
of photons at preparation.

The generalisation of the above calculations to mixed state preparation or measurement
is also easily accomplished, all of which underlines the simplicity of the method, and its
advantages over solving master equations.

2Whether or not this is possible is controversial. See [23] and references therein.
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Fig. 2 Retrodictive conditional
probability that the coherent state
with mean photon numbers 1..4
was prepared given two photons
being recorded later, against
evolution time. Here the coupling
strength W is independent of n

4 Conclusions

Whilst the evolution of open quantum systems is described by well-known master equations
the solutions of the equations are not normally a trivial matter, except in the simplest situa-
tions. The retrodictive master equation also suffers from this problem, which is all the more
serious, as open systems evolution is not time-symmetric. This difficulty was recognised and
circumvented using non-equilibrium thermo field dynamics. In this way the open system can
be treated as closed, and the simple Hamiltonian evolution can be used to evolve the system
both predictively and retrodictively.

Here we have described a different route to simplifying retrodictive evolution by writing
the open system in terms of eigenstates. Fano diagonalisation is a well-tested method for
finding the eigenstates of an open system, and so, as with the earlier method, it enables the
evolution of the system to be followed both forwards and backwards in time with equal ease.
One caveat is that it is not always possible to find eigenstates using Fano’s method, but when
it is possible, as it is for many systems studied, for example, in quantum optics, the method
will render the retrodictive evolution of any measured state trivial.
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